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1. Introduction

In some previous papers [5, 7, 9, 10] we have dealt with optimal control problems
for second order ordinary differential equations. Thereby our intention was to
work and formulate the results within the framework of the given state equation
and not to reformulate the original control problem into a control problem for a
system of two first order differential equations. The latter may be (formally)
possible in case of quasilinear state equation, however is in principle impossible
for non-quasilinear equation, where the defining functions are not smooth
enough. For such a state equation we have considered an unconstrained control
problem in [10]. Here, for the same state equation we are going to investigate a
constrained control problem, which will be briefly denoted by (P) and which
reads as follows.

Find

inf Ty(u, y)
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subject to
ueU,={ueL,(0,1):ux)EQaexc(0,1)}, (1)
d
_Ea(x’ y(x)’ y’(x)) + b(x’ u(x)’ y(x), yl(x)) =0, x€ (0’ 1) ’ (2)
y(0)=0, y(1)=0,
I wu, <0, v=-my,...,—1, T, u,y)=0, v=1,...,n,, (3)

where L/ (0, 1) stands for the m-fold Cartesian product of L*(0, 1) and Q CR™,
m=1, is a given set called control set, containing at least two elements. The
functionals 7,, v = —m,, ... ,n,, are given by

T = 8.1, ¥, ¥, y@) . @)

The given real-valued functions a = a(x, s, t), b = b(x,r,s,t) and g, =g,(x,7,5,1)
are defined for x€(0,1), r€Q,s,tER and satisfy certain assumptions to. be
specified below.

The characteristic feature of this control problem (P) is that the function a in the
state equation (2) does not depend on the control u € U,, . Just because of this we
are able to derive a necessary optimality condition in the form of a Pontryagin
minimum principle (Theorem 1), from which we get a linearized (weak)
Pontryagin minimum principle (Theorem 2) supposed the control set Q@ CR™ is
convex. To prove these results we use McShane-variations u,, (¢ >0,c € R’) of
the optimal control u,, study carefully u,_, the assigned state y,. = y(u,.) and the
behaviour of 7,(u,.,y,.) dependent on the parameters ¢>0 and c€E R’ .
Thereby an important role is played by a generalized Green formula giving the
solution to a linear boundary value problem for a second order ordinary
differential equation whose coefficients are only measurable (cf. [6]). Further-
more we use some separation theorems for sets of convex cones in R", which can
be found, e.g., in [12] or [3,2].

There are not very much papers related to the above control problem (P);
a list of them is given in our talk [8]; article [1] presents a survey of papers pub-
lished on time optimal control problems for second order ordinary differential
equations.

The present paper is written in the spirit of our article [10] and the last
paragraphs of the monograph [13]. The contents of the sections is completely
described by their headlines.

2. Notations and Assumptions

Nearly all of the notations used throughout the paper are more or less standard.
So we denote by R", n=1, the n-dimensional Euclidean space with the norm
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| - ||. R% is the set of all n-dimensional nonnegative vectors. All vectors are to be
understood as column vectors. We denote by ||| the norm in C[0, 1] and by ||-||,
the norm in L?(0, 1), 1<p <w. H*(0, 1) denotes the Sobolev space and H (0, 1)
its subspace, whose elements vanish at the ends of the interval (0, 1). In H 2(0,1)
the norm is given by ||y|l,=1|y’ll,. Let us recall that H(0,1) is continuously
embedded into C[0, 1] and that the two elementary inequalities

ly@I=<llyll, ¥x€[0,1] and [lyll, <]yl ©)

hold for all y € H}(0, 1). Furthermore, f € CAR denotes a function f: (0, 1) X
RXR—R satisfying the Carathéodory conditions and K a generic positive
constant.

Concerning the given real-valued functions @ =a(x,s,t), b=b(x,r,s,t) and
g =g, rs,t),v=—my,...,n,, defined for x€(0,1), reQ, s,t€R and
their partial derivatives with respect to s and ¢ we formulate now the assumptions
A1-A3; two further assumptions A4 and A5 will be given afterwards.

Al: It holds

a,a,,a,€ CAR,
b('7 u(')’ ) ')’ bs(" u(')’ ) ')7 bt(" u(')’ ) ‘)E CAR Vue Uad >
gu('7 u(')’ ) ')7 gvs('7 u(')’ ‘s ')7 gut(" u(')’ ) ) €CAR Vue Uad .

A2a: For each A >0 there is a positive constant w;, such that

laGx,s, )| <p,(1+]f]) for ae.xe€(0,1), VsER with [s|<a,
ViER.

A2b: There is a positive constant a and for each A >0 a positive constant u,,
such that

a<a/x,s,t) for ae.x€(0,1), Vs,teER,
and

la,(x, s, )|, a,(x,5, )< p,, for aexe(0,1),
Vs,tER with [s|+|f]<A.

A2c: There are two positive constants w and & such that

la,(x,s,8) —a,x, o, )| <su(s—a|+|t—-7|),
la,(x,s,t) —ax,o,7)|<u(s—a|+|t—17|),
for a.e.x€(0,1), Vs,t,0,7€ER with |s—a]|,|t—7|<5.

A3a: For each A >0 there is a positive constant u,, such that
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lbCx, 7, s, 0)|, 18,06, 7, 5, B)] < py (1 + [e]*)

for a.e.x€(0,1), V{r,s}EQ xR with |r|+]|s|<sr, VIER.
A3b: For each A>0 there are two functions h,, € L'(0,1) and h,, eL*0,1)
such that

|b.Cx, 7,5, 0, 18,.0x, 7,5, O < by, (%),

|bt(x’ r,s, t)i’ Igvt(x’ r,s, t)l = hZA(x)

for ae.x€(0,1), V{r,s,t;EQXRXR with [r|+]s|+]=A.

A3c: For each A >0 there are two positive constants u,, and 8, such that

|b(x, r,5,8) — b(x,1, 0, D <pu(ls o+t - 10),
b, 7,5, 0) = by, 7, 0, | < s (s — o] + |- 7)),
|8, (x, 7, 5,8) — 8 (e, 1y o, D <y (Is — o] + |t — 7)),
g, x, 7,5, 8) =g, 1y o, D <, (Is — ol + e — 1)),
for a.e.x€(0,1), VreQ
with |r|<A,Vs,t,0,7ER with |s—a] |t—7|<8§,.

From these assumptions it follows that
a(, y(), y' () EL*0,1) VyEH'(0,1),

b(" u(')a )’(), y,('))’ gv(" u(')’ )’(), yl(')) ELI(Os 1) vueU,y,,
VyeH'(0,1).

It means that all functionals 7, are well defined for U,, X H 5(0, 1) and it makes
sense to define the solution to the state equation (2) in the sense of Sobolev. So
for any fixed u € U, , a function y € Hy(0, 1) is said to be a (weak) solution to the
boundary value problem (2) if and only if
. :
[ tate, 3621, y"@)2'(6) + b, (e, Y@, ¥ )] dx =0
VzEHK(0,1). (6)

Using a generalized DuBois—Reymond Lemma (cf. [4]) it is easily proved that for
fixed u € U, a function y € Hy(0, 1) is a solution in this sense if and only if there
is a constant k(u) €R with

e, Y60, YD = || b6 u(), ¥(©), y(€) e + k) VrE[,1]. (7)

In the whole paper a solution to any linear or nonlinear two point boundary value
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problem is to be understood in the above sense with the respective integral
identity.

Now we are able to give the last two assumptions A4 and AS, which concern the
state equation (2).-

A4: For each u € U, the state equation (2) has a unique solution y(x) € H(0, 1)
and there is a constant K >0 with

”)’(u)”o <K Vuel,.

AS: For each A >0 there is a positive constant », such that

[ @y, )2 ey, ) + by, Ol
+b,(x, u, y,y')2°} dx =y lzlg
VzEH'(0,1) with z(0)=0 or 2(1)=0 and
V{u,y}€U, x H(0,1) forwhich y'€L”(0,1),
el Il + 11yl <A
We finish this section with some further notations. By {u,, y,} €L.(0,1) x
H (0, 1) we denote any optimal pair to the control problem (P). For any function

an upper index 0 indicates that this function is defined by means of such an
optimal pair. For example, we use the abbreviations

a’(x) = a(x, yo(x), o)), - - - » 82(x) = 8,(x, (%), ¥o(x), y5(x))

but also.

a?(x) = as(x’ yo(x)’ y(,J(x))’ AR g?:t(x) =gvt(x’ uO(x)a yo(x)= y(’)(X)) H

where x € (0, 1).

3. Optimality Conditions

In this section we formulate the Pontryagin minimum principle for the constrained
control problem (P), from which we derive the linearized (weak) Pontryagin
minimum principle within a few steps. The proof of Theorem 1 is the task of the
next two sections.

THEOREM 1 (Pontryagin Minimum Principle). If under the assumptions A1-AS
the pair {u,, y,} € L7(0,1) X Hy(0, 1) is an optimal solution to problem (P), then
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there are m,+ny+1 numbers A, €R, with E°_, |A,|>0 and A_, =
0,...,A,=0, such that

ng

2 AL, u, ye(x), ()2, () + 8, 1, yo(x), yo@)] =

v=—my

< , , ®)
2 MG, ug(®), yo®), Yoz, () + 8,(x, (%), yo(x), yo())]

v=—mgy

YueQ, for ae.x€(0,1),

where z, € H(l)(O, 1), v=—-m,, ..., n,, denotes the unique solution to

- % a7 ()2’ (x) + by (x)z(0)] + [, ()2 () + b (x)z(x)] =

d €)
I &) —85,0), x€(0,1), with 2(0)=0, z(1)=0.

As we have said before in the linear differential equation (9) the coefficient
a;, b}, ... stands for the composed function a,(x, Vo), ug(x)), b,(x, uy(x), yox),
¥o(x)), . . ., respectively. The right hand side of (9) is defined by the integrand g,
of the functional J,. By definition, z € Hy(0, 1) is a solution to (9) provided

L {la/(0)z'(x) + b7 (x)z(0)]y' () + [, ()2 (x) + bL(x)z ()] y(x)} dx =

- [ ey + gevwia wemio.).
(10)

Introducing the function

L= 3 Anw, xeO1),

v=—mgy

which is the unique solution to (9) with the right hand side

o

0= 3 A[ a0 -gh)].

v=-

the minimum condition (8) can be written in the possibly more familiar form

o

b, u, yo@), Yo 2e@ + X A8, 1, yol), Yo(x)) =

o

b(x, g(x), Yo(x), Y@ Zo() + 2 A8, o), yol@), Yo X))

YueQ, aex€(0,1).
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To derive the linearized Pontryagin minimum principle we formulate two
additional assumptions.

A6: The control set O CR™ is convex.
A7: For a.e. x€(0, 1) and for all 5, t € R the gradients V,b(x, -, s,1),V,g8,(x, *, 5, 1)
are continuous on Q.

THEOREM 2 (Linearized Pontryagin Minimum Principle). If under the assump-
tions A1-A7 the pair {u,, y,} € L2(0,1) X Hy(0,1) is an optimal solution to
problem (P), then there are mg+n, +1 numbers A, ER, with 272 _,, |A,|>0
and A, =0,...,A,=0, such that

2 A(Vb(x, ugx), yol®), Yo)z,00) + V,8,( ), u — ug(x)) =0

v=-—mg

YueQ, for ae.x€(0,1), (11)

where z, € H)(0, 1) is defined as in Theorem 1.

The proof of Theorem 2 is very simple. In condition (8) we replace u by the
convex linear combination u,(x) + 7(u — u,(x)), where u€Q, 7€[0,1] and x €
(0, 1), and put all the terms on one side of the inequality. Afterwards we divide
the whole expression by 7 and then let 7 tend to zero. This procedure yields the
desired condition (11).

Theorem 1 generalizes the results of [10], where we have considered an
unconstrained control problem for the state equation (2). Under different
assumptions and using completely different methods we have proved Theorem 2
for a quasilinear state equation (in which the leading coefficient may also depend
on the control parameter) already in [5].

4. Preliminaries

We start the preliminaries with a regularity statement for the solution y(u) €
H¢(0,1) to the state equation (2). Namely, it holds

y(w)€L>0,1) YueU,,, (12)

which is an immediate consequence of our assumptions; the proof is given in [10].

We assume now that {u,, y,} € Lo(0,1) X H (0,1) is optimal to the con-
strained control problem (P). As we said already we want to prove Theorem 1 by
means of McShane-variations of the optimal control &,. To do so, we begin with
introducing the two sets



374 MANFRED GOEBEL AND ULDIS RAITUMS

- (m+2), . _
Z={weR B ER (/PP TH S AN 1

wherelEN,ul,...,u,EQ,xl,...,x,Ew,c={cl,...,c,}ER'+},
and
£d={wE&’:xi#xjfori#j,i,j=1,...,l}.

Here N is the set of all natural numbers and  the set of all Lebesgue points
x € (0, 1) of the functions

bvi(x) = [b(x7 .ui7 yO(x)7 y(,](x)) - bo(x)]zv(x) 7} (13)
8,:%) = 8,(x, u;, yo(x), yo®)) — £5(®) ,
v=—mgy,...,ni=1,...,0;2, € H}(0,1) denotes the unique solution to (9)

(cf. (10) and AS). Clearly, measw = 1. The restriction to such Lebesgue points
will be essential in the proof of the very important Lemma 9.
Let w €%, be fixed. For arbitrary ¢ € (0, &), &, >0, we define

Ef=[x,x,+tec), i=1,...,1,
and take g, so small that

E“=U\_,E¥C(0,1) and U1 (Ei°NE5:)=0 Ve€(0,5).

(14

Then, evidently, the function u,. defined by
) = u, ifx€E]" =00 15
Heolx) = u(x) ifx € (0, I\E*’ e€0, %), (15)

is an admissible control function called McShane-variation of u,. By y,. = y(u,.)
we denote the assigned solution to state equation (2) (see A4). In the following
we have to study the behaviour of the pair {u,, y,.} €L,(0,1) X H 5(0,1) and of
T, (4, y..) if one of the defining parameters & € (0, &) or c € R’ is changing.
Clearly, u, = u, if c=0€R’, .

LEMMA 1. For any bounded set € €R', there exist two positive constants &, and
K such that
ly. )]+ |y, <K for ae.x€(0,1), Ve€(0,5), VcEE.

Proof. First we take €, >0 so small that (14) is satisfied for any ¢ € €. Because
of (5) and A4, we have ‘

||yec||c$||yu||o$K Ve€(0,¢), VcESE. (16)
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Thus, we may take a constant A >0 (not depending on ¢ and c) such that

lu, ()| +|y..x)|<A foraex€(0,1), Ve€(0,5,), VcEL.
17)

In virtue of the Lagrange formula and equation (7) we find
1
Yeel®) fo a,%, yoc(x), 0,.(x)) 46 = a(x, y,.(x), y..(x)) — alx, y..(x) ,0)

= [ b6 18, 18D, Y1) 86 + K, ) e, 36,0

Applying assumptions A2a, A2b and A3a, with A as defined in (17), we obtain

il < ([ 156 @), 3D, V(D] d + [kt )

+latx, 3., 0)

<a [ (1 + ||y llo) + k@)l + ] for ae.xe(0,1),
Vee €. (18)

Again using (7), A2a and A3a we see that

1 1
ko)l < |, lae, yoce), v e+ [ 156, 0,0, 3., v
S""lk(l + ”yec”O) + ""3/\(1 + “yu‘”g) VC € (6 .

This estimation, together with (16) and (18), yields the desired estimation. |

Since the next lemma can be proved by straightforward calculations, its proof is
omitted.

LEMMA 2. For each bounded set € ER', there are two positive constants €, and
K such that

1
lw, —u,)2<eK 2 |c,—d,| Ve€(0,¢), Ve, dEE.
i=1

Mainly using assumption A5 it is not hard to get a similar estimation for
[1¥.c = ¥eallo (see below). But since for |y. .(-) — y.,(-)| a pointwise estimation is
required we need much more efforts.

Let € CR’, be bounded and £, >0 so small that (14) holds for each ¢ € €. For
arbitrary ¢ € (0, &) and ¢, d € € we define some auxiliary functions by setting
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Y(O)X) =y ux) +6(y.(x) — y.ax)), 8€EI0,1], (19)

e, d)0) = | ae, ¥0)00), yOY ) 00,

e, e, d)0) = [ a,(x, yO)(®), y6) () a0,

b(e, e, d)(e) = || b, 4,0, yO)), Y0 () 00,
1 | @)

ba(e, e, d)(e) = || b,e, 1 (2), YO)(®), Y(0) () o

Bule, & )0) = || 05, 5), YY), YOY @) 0,

B, ) = || e, 1,00, YO)®), YOY () o , |
and

Ab(&‘, ¢, d)(x) = b(xa usc(x)’ yed(x)9 y;d(x)) - b(x’ ued(x)’ yed(x)’ y;d(x)) ’ }
Agv(s’ ¢, d)(x) = gv('x’ uu(x), yed(x)’ y;d(x)) - gv(x’ ued(x)! yed(x)’ ynl-:d(x)) ’
(21)

where x€(0,1) and v=-m,,...,n, For arbitrary € (0,¢,) and c,d €6
these functions have the following properties:

a,(e,c,d), a,(e,c,d)€L%(0,1) with

a<a (e, c,d)x)<K,|a,(e,c,d)(x)|<K, for a.e.x€(0,1) ,} (22)
b,(e,c,d), g,.(g,c,d)

€L*0,1) with ||b,(e,c,d)|,, lg..(e,c, |, <K, (23)
b,(e,c,d), g,.(e,¢c,d)

€LY0,1) with [lb,(e,c,d)||;, lIg,.(e,c, D), <K, (24)
Ab(g,c,d), Ag,(g,c,d)

€L'(0,1) with [|Ab(e,c,d)ll;, ||Ag, (e, c,d)||, <eK 211 le,—d,| .

) (25)

Here K denotes a positive constant neither depending on € € (0, &) nor on
¢, d € 6. (22)-(25) are more or less simple consequences of Al, (14), Lemma 1
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and the growth conditions in A2b and A3b. As an example let us prove in detail
only the estimation for ||Ab(e, ¢, d)||, in (25). By definition of u,, and u,,, it
holds '

U (X) = U (x) =up(x) if x€(0,1)\(E“UE™)

and therefore

1
Ab(e, ¢, d), = f s B0, D 2= L-UE IAb(e, ¢, d)| dx .

EE
Because of
u, ()=u,(x)=ux) if x€EENE*, i=1,...,1,

it remains

!
l|Ab(e, c, d)||, = 21 fE |Ab(e, c, d)| dx
with

E;=(EI VE[)\E* NE*)
[x; +ec,x,+ed] if ¢ <d,

=410 if ¢,=d;, i=1,...,1.
[x; +ed,,x; +ec] if ¢;>d,

In virtue of Lemma 1 we can choose a A >0, such that
|ug ()| + |yed(x)l + Iy::d(x)l <A and |ui| +|y.| + ly;d(x)l <A

hold for a.e. x€(0,1), all e€(0,¢,), dE% and any i=1,...,. Then, by
assumption A3a, it follows

|, 18bGe, e @)l x <2m, [ 141y ax
<2ue (L+A)|c,—d)|, i=1,...,1,

that means, the desired estimation in (25) holds with K =2u,, (1 + A?).
Using the auxiliary functions defined in (20), (21) we formulate the parametric
linear boundary value problem

2 {ay(e ¢, WP + asle, ¢, Yp(0)]
+[b,(e, ¢, d)(x)p'(x) + by(e, ¢, d)(x)p(x)] = (26)
—Ab(e,c,d)(x), x€(0,1), with p(0)=0, p(1)=0,
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for which p € Hy(0, 1) is said to be a solution if

J; {[a,(e, c,d)p’ + ay(e,c,d)plz’ +[b,(g,c,d)p’
+b,(e, c,d)p]z} dx = — J: Ab(e, c,d)z dx VzEH(0,1).
(27)

Again taking into account Lemma 1 we find a A > 0, such that for z = z(8) defined
in (19) it holds

Ieeeel 1 + 11y [le <A V8 €[0,1] Vc,d€€.

Therefore, in assumption A5 we can replace u by u,. and y by y(8), 6 €[0, 1],
respectively. If we do so and if we integrate the resulting inequality with
respect to 6 €[0,1], we see that the boundary value problem (26) is co-
ercive on Hg(0,1), where the coerciveness constant does not depend on the
parameters ¢ € (0, ,) and ¢,d € € (but of course on ¥ CR’). This means,
due to the generalized Lax-Milgram-Theorem for all these parameters the
boundary value problem (26) has a unique solution p(e, c,d) € Hy(0,1). We
claim

pe,c,d)=y,.—y.. Ve€(0,8) Vc,dE€. (28)
Indeed, by the respective definitions of y,. and y,,, for any z € Hy(0, 1) we have
1 ! '
0= (06t yoer ¥o0) = 6, Yo Vo))" 5
1
[ 150 e Yaes V) = B s Yo Vo)l 0
1
+ L [6Ce; Uees Year Yea) = bC Ueas Yoas yoa)lz dx .

Applying Lagrange formula to the first two terms and using the functions
a,(e,c,d),...,b,(g,c,d) and A(e, ¢, d) defined in (20) and (21), respectively,
we derive

1
0= L [a,(s, ¢, dY(y..— yia) T ax(e, ¢, d)(y,. ~ y.a)]z' dx

1
+ | Ibaes €, @)yt~ yLa) * bier € Ny~ o)l O

1
+ f Ab(e,c,d)zdx VzeEH(0,1),
0
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which already proves (28).
Due to the uniform coercivity of the boundary value problem (26) and because
of (25) we easily see that there is a positive constant K, such that

!
”ysc "yaduo <eK Z:l |ci _dil Ve€(0,5), VcEE,

from which, noting (5), we obtain

{
‘ysc(x) - yéd(x)‘ = SK 2 |ci - d:| fOl' ae.x€ (01 1) ’
i=1
Ve€(0,¢), VcEE. (29)

Unfortunately, we cannot argue in the same way to get an analogous
estimation for |y, (x) — y.,(x)|. However, we may use the results in [6], which
allows to represent the solution to (26) and its derivative by means of a
generalized parametric Green function G(e, c,d) = G(g, ¢, d)(x, ¢), having the
properties

Gle, ¢, ), G, ¢, d), € L™(0, 1) X (0, 1)) with

|G(e, c, d)(x, &)|,1G(e, c, @), (x, £)| <K forae.x, £€(0,1),

VBE(O,so)’ VCE%, ’

in the form
p(e, c.d)(x)=— .L G(e,c,d)(x, £) Ab(e, c,d)(¢)dE, x€(0,1),

ple,c.d)(x)=— .L G(g,c,d), (x, £) Ab(e,c,d)(£)dE, x€(0,1).

Because of (25) and (28) from the first formula we obtain again estimation (29)
and from the second one we derive the .needed estimation for |y..(x) — y. ()|,
namely

l
o)~ y.x)| <eK 2 |c;—d}| forae.x,£€(0,1),
i=1
Ve€(0,¢), VcES.

We summarize our findings in the next lemma.

LEMMA 3. Let € CR', be bounded, &,> 0 so small that (14) holds for all c € €
and let y,.=y(u,.))EHL0,1) and y,, = y(u.,;) € Hy(0, 1) be the respective solu-
tions to (2) forany c,d € €. Then 'y,  —y,, is the unique solution to (26) and there
exists a positive constant K such that
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1
19ee(¥) = ya@)| + |y2 () — yoa(x) < €K Zl le,;—d,| for ae.xe(0,1),
Ve€(0,¢,), Ve, dEE.

This Lemma 3 can be applied to 4 U {0} C R’ provided % is bounded. So let us
take c € € and d =0. Then we have u,,=u, and y,, = y,. Using the auxiliary
functions defined in (19)-(21) we introduce the following abbreviations:

ay =a,(s,c,0),a5 =ay(e,c,0),...,85=g,(0¢c,0) ,} (30)

Ab* =Ab(e,c,0) and Ag) =Ag,(e,c,0).

The boundary value problem (26) reduces eventually to

a5 0P () + A W@ + BRI () + BER)p(@)] = —Bb™() }
x€(0,1), with p(0)=0, p(1)=0,

(1)
and the variational equality (27) to
1 1
J; {laip’ + a5 plz’ +[bi°p' +b5plz}dx=— J; Ab*“z dx
VzE Hy(0,1). (32)

That means, in the special case considered here Lemma 3 reads as follows.

LEMMA 4. For any bounded set € C R, there exists a positive constant &, such
that

Poe=Y..— Yo EH0,1) VeE(O,so),"VCE(@,
is the unique solution to (31) and there is another positive constant K such that
lo.. )|+ |p. (x)| <eK forae.x€(0,1), Ve€(0,¢), VcEEX.

For later purposes we have to calculate the limits of the functions a;°, .. ., g5, as
£ tends to zero. These limits are given in the next lemma.

LEMMA 5. If e— +0, then

] 0 . 2
a;i’—a,, ay—a, inL*0,1),

bi'—b;, by—b], gii—>gh, 8&5—g inL'(0,1)
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uniformly on any bounded set € CR', .

Proof. Let €,>0 be so small that (14) holds for any £ €(0, ¢,) and that,
hence, p,. =y,.—y, and ai’, . . ., g., are defined for all £ €(0, ¢,) and all c € €.
We prove only the first and the last statement; the other statements are proved
analogously.

By definition of a{°, we have

1
|23 () — @/ ()| < L |a,(x, yo(®) + 0p,.(x), y5(x) + 6p_(x)) — a/(x)| db
forae.x€(0,1), Ve€(0,¢), VcEX.
(33)

In virtue of Lemma 4 we can take such a small ¢ € (0, g,) that
lp.c(®)], |pi(x)| <86 forae.x€(0,1), Ve€(0,5,), VcEEL,

where 8 >0 is taken out from assumption A2¢. Applying this assumption to (33)
we get

lai*(x) — a7 (0)] < (. )] + |p, X)) forae.xE(0,1),
VeE€(0,¢), VcEE,

from which, again because of Lemma 4, the first assertion follows.
For proving the last assertion we take A >0 so large that

lu,.(x)|<Ar fora.e.x€(0,1), Ve€(0,¢), VcEZ,

and

lo ()| + [oC)] + [y, 1] + 1y6()| + [yo(x) < A
fora.e.x€(0,1), Ve€(0,¢), VYcE€, i=1,...,1.

(Recall, by (12), we have y, € L™(0, 1).) Then, taking ¢ € (0, &,) so small that
lpe @), |pi x)| <8, forae.xe(0,1), Ve€(0,¢,) VcEZ,

where now 8, >0 is the same constant as in assumption A3c, we obtain the
estimate

1
”gi; - g?»s”l s_[o |gi;(x) ‘.gv.r(xa usc(x)a yO(x)7 y(,)(x))l dx
1
+ [ lgunte, 4, 0, 3@, yi@) - 82,69 dx

= L fo |8,50x, 1, .(x), yo(x) + 6p,.(x), yo(x) + Op..(x))
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- gus(x’ usc(x)’ yo(x)’ y(,)(x))l dé dx

] xi+eci
+ gl |gvs(x’ u;, yo(x), y(’)(X))—' g?’s(x)l dx

1 ] x;+ec;
<ta [, G+l ar +23 [ @ a,

where in the last step assumptions A3c and A3b were used. This estimate implies
the last assertion of the lemma. n

Now we are going to investigate the functionals J,. First we prove the continuity
of T,(u,,, y,.) with respect to c ER’, .

LEMMA 6. For any bounded set € CR’, there is a positive constant £, >0 such
that for arbimrarily fixed € €(0,¢,) the functions ¢,c)=T,(U,.> Ve)» V=—
mg, ..., Ry, are continuous on 4.

Proof. Let g, >0 be taken so small that (14) holds for all ¢ € €. Then, for fixed
c€(0,¢),¢c,d€E¥€ and v = —m,, ..., n, we have the identity

'Oj—v(uew ysc) - 'ajv(ued’ yed)

1
=f0 [gv('?uew yec’ y;c)—gv .7uec’ yed’ y::d)]dx
1
+f0 [gv(.’uec’ yed’ yl":d)_gv(.’uszh yed’ y;d)]dx

1
= | (8o )5 = 9i) + 81262, v = y.0) + B, )]
(34)

from which, in virtue of Lemma 3 and (23)~(25), we obtain the estimation
{
|'Oj—v(uec’ yec) - g—v(ued’ yed)' seK Zl Ici - dzl
showing the wanted continuity of ¢, on €. n

We introduce some further abbreviations. For any w € {u, ..., u4;, x4, ..., X,
€1y -+, G} EZ we put '

T,(w) = E ciAlb@x, s, o), yolx)) = B°(x)]z,(x:)

+ [8,(xi> i, ¥o(x)s yolx:)) —gg(xi)]} , v=—mg,...,n, (35)
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and for any we€{u,,...,u,x,...,x,¢,...,¢}EZ, and £ E€(0,g) with
g, > 0 sufficiently small

T, (e, w)='.‘7,,1(e w)+ T ,(e,w), v=—mgy,...,N,,
x;tec;
Tt =2 [ bte, o 901 i) - B0
— e b, s o)y Vo) — D)) )
x;tec;
+ 2 e 300 350 - 8200
— e [8,Ct s Yo, Vi) 82612 )}
1
Totew) = @ —a)oi et [ @5 - adzlp,.dx
0
1
TS R TR N S
0
1 0 1 0
+ fo (831~ 8u)pec dx + fo (852~ 855)Pec dx
Here, since we have different types of arguments one cannot mix 7,(g, w) up
with 7,(«, y). In both (35) and (36) z, € Hy(0, 1) denotes the unique solution to
the boundary value problem (9). Note 7, (w) is defined for arbitrary w € %, but

(e, w) only for w € &, (as well as u,_). Their importance will be clear after the
next two lemmas.

LEMMA 7. For any w €%, it holds

T Uees Yeo) = T (g, Yo) + T, (W) + T (e, W),
=-Mmgy,...,Ny, VeE(0,g,),

with &, > 0 sufficiently small.

Proof. Let wE %, be given and &,>0 so small that (14) is fulfilled. Then,
because of (34) (with d =0), for any v =-m,,...,n, and € € (0, g,) we have

1 1
g-v(uec’ ysc) - ‘o]-v(uO’ yO) =J; [giip;c + gv2pec] dx + J;) Agic dx

where g35, g55 and Ag: are defined in (30). Since z, € H(0, 1) is a solution to
the boundary value problem (9), it holds

1 1
0=- fo {[arz, + b)z,)pc + [a,2] + bz, ]p,c} dx = fo [85pec + &rspecl dx
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(cf. (10)). By Lemma 4, function p,. € Hy(0,1) is a solution to the boundary
value problem (31), which implies

1 1
0= L {lotpec + ar'p.clz, + (b1 poc + 037 p,c)2,} dx + L Ab™z, dx
(cf. (32)). Thus, summing up the last three relations we find
1
T oo Yer) = Tl yo)= | (862, + 8651 e + T,oer ).
0

Furthermore, by definition of Ag:® and Ab*° (cf. (30), (21)), we have
1 i x;+EC;
J, @bz, agrar =2 [ s s 7000, yae) — B0 0) 0

I rxi+ec
£ 3 [ oo o 7000, 1) - £200)

i=1X;

= e, (W) + Ta(e, W)

Thereby, the lemma is proved. u

LEMMA 8. Let € C R, be bounded and e,>0 so small that (14) is valid for any
cE 6. Then for any n>0 there is a 8, = 8,(%,n) € (0, ;) such that

e YT (e, w)|<n Ve€(0,8), VcEE, v=-my...,n,.

Proof. Because of (36) the lemma is proved after showing the assertion is true
for both 7, and J,,. Using the notations introduced in (13) for J,,(¢, w), v = —

v

my,...,n,, we can write

T ol W) = 2 [ b ax—e i)

X;

! X+ c;
+ 2:1 [f g,:(x) dx — ecigvi(xi)] ’

X

from which it follows

i

T e [ 1,00~ bl

i x;tec;
+ Zl 8—1 . |gvi(x) - gvi(xi)l dx

valid for any € € (0, ¢,) and ¢ € €. In virtue of boundedness of € C R’, we find a
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constant k>0 with k=c; for each i=1,...,/ and each c={c,,...,¢} E%.
That means, we get

! 1 [xitek
Nl <k S| )~ bue)] d

I 1 x;+ek
+k 2 ;’EJ; [gvi(x) - gw’(xi)| dx

i=1

valid for any ¢ € (0, ;) and ¢ € 6. In this inequality the right hand side does not
depend on the specified ¢ € €. Since, by definition of the set @ C (0, 1), the points

X; € w are Lebesgue points of b, as well as g,,, v=—mg,...,n,, i=1,...,1,
the statement is proved for 7.
Consider now J,,(g,w), v=—m,,...,n, Because of Lemma 4 there is a

constant K >0 such that

£~1|‘0]-V2(8, W)I sK(”ai“ - d?”2 + ||a5° —afllz + ”bic - b?“l

+ (1165 = Be DNz, Mo + KCllg35 = ghlls + 1855 — g2ll)
VeE(0,8,), VcES.

Lemma 5 shows that the statement is also true for J,,. Thereby the lemma is

v

proved. |

In the next section we have to deal with 7, (w*), where w* € Z. However, for
example, Lemma 7 holds only for w € Z,. This gap will be closed by the next
lemma, which, roughly speaking, shows that w € %, can be chosen in such a way
that J,(w*) and J,(w) differ as little as we wish. In other words, our last lemma
in this section gives a certain continuity property of 7, = J,(w).

LEMMA 9. For any given w*={u;,..., u,x{,...,x ,¢1,...,¢; }EZ and
any given number 1 >0 there are measurable sets v, C(0,1), i=1,...,l, and a
constant 8 >0 such that meas(w, N (x; —8,x} +8))>0 and that the estimations

Igv(w*) - ‘Oj'v(w)l <"I ’ V= _m(], L ,no ’
hold for each w={u,, ..., u,x;,...,%,¢,...,¢}EZE, with
€N —8,x!+8), ¢,ER . N(c!-8,¢c+8), i=1,...,1.

Proof. Let w*={u,,...,u,x;,...,x;,¢f,...,¢c/}EZ be fixed and let
wEZ, be arbitrary, but of the form w={u,,...,u,x;,...,x,¢,...,¢}E
Z,. For the sake of brevity we put

d(x)=>b,x)+g,x), x€0,1), v=—my,...,ny, i=1,...,1,
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where b,; and g,; are given in (13). Then we have

T, W) = T,w) = 2 (e} = )y ]) + 21 ) — )

Vy,€Ew, Vc,E(fL,

and hence
o {
|T,w*) - T wl< 2 2 lef —clld, &)
v=-—mg =1

+ 2 2 (¢! +le:— ¢! Dld, ') - d,(x)l,

v=—mgi=1

Vx;€Ew, Vc,ER,.

Now let n > 0 be given. By definition of  each x; € w is a Lebesgue point of d,,.
Therefore, we may choose a constant M, >0 such that

M,

2 < T3 ng 7 1)

V=—mg,..., 0y, i=1,...,1,

and another constant M, >0 with

., M . _ _
c; +2M1<M2’ i=1,...,1.
We choose also a positive §, <n/2M,. Then, for any c={c,...,¢;} ER’, with
I} —c|<8,i=1,...,1, we get the estimations

|T,00%) — T W) <5+ My 2 fi®), v="mg....n, @37)

where x; € w is still arbitrary and where we have set

no

W= 3 46 -d,@l, x€o, i=1...,L.

Mo

Obviously, for any i=1,...,/ it holds £ €LY0,1), f(x!)=0 and the given
x*Ew is a Lebesgue point for f. Therefore, f; is at x=x; approximately
continuous (see [11] Kap. XI, §6; [15] Sect. 4.4.), which means that there are
measurable subsets o, C (0, 1) such that the Lebesgue density of w; at x! equals
one and that f, is continuous at x;' relative to w;. In other words, for any & >0 the
sets w, N (x} — 8, x; + &) have positive measures and for n>0 given above there
are such 8, >0 that
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n * * .
0sf(x)<%3735, XEo, N —8,x; +8), i=1,...,1.
&) <5317 (NG = 8,x7 +6)

Taking 6 = min{9,, . . . , §;} from (37) the desired inequalities follow. ]

5. Proof of Theorem 1

As before {u,, y,} €EL5(0,1) X Hg(0,1) denotes an optimal solution to our
control problem (P). If there are no integral constraints of type (3) at all, then
Theorem 1 reduces to the necessary optimality condition

b(x, u, yo(x), Yo(x))2o(x) + 8o(x, U, ¥o(%), yo(x)) =
b(x, uo(x), yo(x), ¥o(x))zo(x) + 8o(x; Ug(x), yo(x), Yo(x)) (38)
YueQ, aexe(0,1),

where z, € H,(0,1) is the unique solution to (9) (for » =0). This optimality
condition can be easily verified. Indeed, since {u,, yo} € Lo(0,1) X Hy(0,1) is a
solution to (P) and because of Lemma 7, we have

0= e_l(g'o(u“, Vee) — Tolthg, ¥o)) = To(W) + 5_19'0(5, w),

for any w € %, and for all £ € (0, g,), &, = £,(w) >0 sufficiently small. From this,
by Lemma 8, we get 0< J,(w) Yw €Z,. Taking w €Z, with /=1 and ¢, =1, this
condition implies (38). (See also [10].)

Thus, in the following it is assumed that in (3) there is at least one integral
condition to be satisfied. To prove now under this assumption Theorem 1 we
introduce the notations

Y= {Y“’"o’ LY LYY, Yno} e R™o*"ot! ,
Y'={Yy,..., Y"o} ER™, | (39)
ITw)={IT_n,W),..., T, (W)}, WEZ,

and define the sets

Hy={YEeR™ ™y <0,...,Y,<0,Y,=0,...,Y, =0}, (40)

-mg

H={YER™ ™. Y=9(w),wEZ}, (41)
X' ={y'eR™:3Y_,,...,Y,ERsuchthat{Y_, ,...,Y,, Y’} E¥X}.
(42)

Here J,(w),v=—m,,...,n,, is given in (35); in (39) and (42) it is assumed
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ny, = 1. Obviously, %, is a convex cone with vertex at the origin. The same is true
for the two other sets.

LEMMA 10. % CR™*"*! gnd %' CR" are nonempty convex cones.

Proof. Tt suffices to prove the statement for the set #. If A>0 and w=
{ug, . upx, . x50, ..., ¢ EZ, then with w, ={u;, ..., u,x,...,
X, ACy, ..., Ac} €EZ it holds T(w,) = AT (w) showing the cone property of ¥. If
wh={ul, o, X xk, e, efYEZ, uw=1,2, then with w=
{ui,..., U, x1, - VX7 €l - c ,c,zz}éfl’ we have T(w) = T(w') + T(w?), from
which the convexity of the cone ¥ follows. N

The evidence of introducing the cones %, and ¥ is given by the next lemma. This
lemma will be essential in the subsequent discussion.

LEMMA 11. If the cones %, CR™" "' and % CR™* """ defined in (40) and
(41), respectively, can be separated, then Theorem 1 holds.

Proof. By assumption, there exists a vector A= {/\_mO, e, /\,,0} €
R™0*"0*"\{0} such that
(A, Y)<s0 VYe¥, and 0s(A,Y) VYEX.
The first condition yields A, =0,...,A,=0 and the second one reads as
"0 »
> ATwW)=0 YweZ. (43)
v=—mg :
Since (43) implies the minimum condition (8), the lemma is already proved. W

The further discussion is split up into two cases concerning the integral
constraints (3). Namely:

(a) There is at least one equality condition.

(b) There is no equality condition at all.

In case (a), which means n, =1, we distinguish for the cone &’ C R™, defined in
(42), the two subcases (al) %' #R"? and (a2) ¥’ =R".

Let us begin by supposing (a) and (al) are fulfilled. By ([3] Satz 2.25) the
convex cone #' can be separated from the origin. That means, there is a vector
AM={An, .. A, JER™{0} with 0<(A,Y’) VY €X' Putting A=
{0,...,0, A"} €R™*""\{0} we again obtain (43), which also shows the validity
of Theorem 1 in this case.

Now we consider the most difficult case characterized by (a) and (a2). If we
suppose that in this case Theorem 1 is not valid, then, by Lemma 11, the two
cones ¥y, ¥ CR™™*! cannot be separated. We show this implies a contradic-
tion to the optimality of {u,, y,} € Lo(0,1) X Hy(0,1). More precisely, we
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construct an admissible pair {u,, y,} € L5(0,1) X Hg(0, 1) to our control prob-
lem (P) such that J(u,, y,) < To(4,, y,). This rather technical part of the proof
will be done within several steps.

Step 1: Since %, CR™ """ and % CR™*"*! cannot be separated, by ([12] Satz
9.1), it holds

rel int H,Nrelint K #0 .
Thus, there exists a vector
Y*={y:,.....,Y,}EX with Y <0,...,Y;<0,
Y{=---=Y!=0.
(1]
Because of %' =R"® we can choose an element
Y'=(Y?,,....,Y,}EX with Y{=---=Y, =k
and n, further elements

Y*={Y* ,...,Y*}EX with Y* =0
o

—my> v v’,“'=1""’n0'

Here «; <0 and «, >0 are two arbitrarily choosen constants and §,, denotes the
Kronecker symbol. Convexity of ¥ yields

A-NM)Y*+AY*eX VA€[0,1], p=0,...,n,.
We take A €[0, 1] so small that
(1-2Y; +AYL <0, forall p=0,...,n,, v=-m,,...,0 (44)

and introduce the constants k,, k, <0 and a, 8 >0 by setting

ke =min{(1-A)Y, +AY : p=0,...,n0,v=-m,,...,0} 45
ke=max{(1-A)Y; +AY : u=0,...,n5,v=—-m,...,0} (45)
and
o 2k 2 } _ {6:(1 i}
a= mm{ Sy, 3, B = max o ) (46)
respectively.

Step 2: By (41), there are elements

I rozp SB e <K _
w -—{ul,...,ulu,xl,...,x,ﬂ,cl,...,clﬂ}eﬂf, n=0,...,n,
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such that
TP = (L= A)Y* +AY*, n=0,...,n,. | (47)
Taking a constant n with
Ak,

1
0<n< 7 min B , —2AKy, —2K, { , (48)
[1 +=(ny+ 2)]n0

[44

by Lemma 9, for each u=0,...,n, we find measurable sets w} C(0,1),
i=1,...,1,, and a positive number 8, such that meas(w{ N (¥ —9,, £ +8,)) >
0 and

|g-v(wﬂ)“g;(wﬂ)|<7h V= My, . .., 0, (49)
holds for any

B B [T [T N
w —-{ul,...,u,“,xl,...,x,“,cl,...,c,“}Eﬁd (50)
with

Y€l N(E =6, +8,), cfER,.N(E)—8,,¢ +3,),
i=1,...,1

w

Again referring to Lemma 9 for each u =0, . . ., n, we can choose such elements
w" EZ, of the form (50) and satisfying (49) that x; # x; provided i #j or pu # ».
This means for an arbitrary parametric vector {={{, ..., ¢, } € R7*! the
vector

n 0 n

0 0 0
w()={ug, ... uy,. ..,u1°,...,u;'"‘:,xl,...,x,o,...,xl",....,x;'n“o,
0 0 n n
$o€1s -5 4oCryp+ o+ 5 £n€1%s - - -5 ,,oc,:u} (51)

belongs to &,. Below w(¢) will be considered in detail. For later purpose we note
that, by (47) and (48), the inequalities (49) imply the following estimates for
T,w"):

If © =0, then

3k, < T, W) <ikg,v=—m,,... ,0,} (52)
3, < T, W) <irk,v=1,...,n,,

mdif w=1,...,n,, then
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3k, < T, (W) <1k, v=—mg,...,0,
—n<g—l/(w"’)<n’v=1""7n0’v##, (53)
T, <T W) <3k, .

Step 3: For sake of brevity we put
a,=J,w", v=0,...,n,, b,=T,W"), v=1,...,n,, (54)

and introduce the regular (n, + 1) X (n, + 1) matrix

a, O 0
b, --- 0

=" . (55)
a, 0 - b,,

We choose two numbers r >0 and d <0 such that

r o 1 r
E<—d<(\/n0+1+m)-‘;. 4 (56)

Let
0 . 1
{=—dy with y={yg, ¥, > ¥n}> Yo=—7>
0
= fory=1
y"_aob., orv=1,...,n,.

Then, for the closed ball B({° r) centered at ¢ ® and with radius r the inclusion
B({°,r) Cint R"*! holds. Indeed, by (52) and (53), we have

a<y,, v=1,...,n,, and |y||<BVn,+1. (57)
Denoting by ¢ ?, and ¢, the vth component of { 0 eR™!, respectively, for
arbitrary £ € B(¢°, r) we have |¢, — | <|[¢ - ¢°||<r,v=0,...,n, and, conse-
quently,

{v>{g~r=—dy,—r>—da—r>0, v=0,...,n,. (58)

We take now an & >0 so small that

e T, (e, W) <— 2 LI, W) VLEB 7,
u=0

v=—mg,...,—1, (59)
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& J(E w({)) 2,\/—'—'—”%{ 1“ V{EB({ r)
v=0,. ng, (60)

and that condition (14) with ¢ =c(¢) = {43, . . - » {oclo o5 &n €% s {noc;"’}
is satisfied for any ¢ € B(¢° 7). Conditions (59) and (60) are justified by
(52),(53), (58) and Lemma 8. The latter has the consequence that by way of
w({) as given in (51) a McShane-variation u, of our optlmal control u, is defined
for arbitrary ¢ € B(Z°,r) (see (15)). By V= (ug)EH (0,1) we denote the
related state. Because of Lemma 7, (35) and (51) we come to the relations

Ty, ;) = T, (8o, yo) + 6T,W(L)) + T, (e, w({))

=T, o)+ 2 5,T.W) + T (e, w(0))
LeB Y, v=—my,...,n,. (61)

Step 4: After having fixed &,r, —d >0, {°E€R?"" and w({) € %,, we consider
the nonlinear equation system

fogo(wo) + 8_19-0(*3, w({) =4,

S LT ) + T (e, (L) =0, v=1,....n, (62)
n=0

for which we are going to verify that it has a solution ¢* € B(Z°, r). To this end,
besides a, and b, introduced in (54), we define

b({)= Z=1 LIw"), LEBWLS, v=1,...,n,,

nFEY

b(e,)=¢"'T(e,w({)), {E€B(’r), v=0,...,n,,
b(¢)={0,b,(¢), .-, b, ()}, ¢EB ),
b(e, £) = {bo(e, £), bi(5, £)s - - -, ba (e, )}, L EB, D,

and b ={d,0,...,0}. Then, using matrix % defined in (55) system (62) reads as
AL +D0(L)+b(s, $)=d, LE€B ),

that means, (62) is equivalent to the fixed point equation
f(¢)=¢, ¢€B ),

where the vector valued function f= f({) is given by
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f=%""0—AT'B(L)-A"B(e, ), (EBEN.

Because of

by({) bno(l)}
e

o

A D=¢° and A'B() = {0,
we get

o -e1<(3 242

o 1/2 _
(S v ) wee B,

Using (53) and (60) we see that

D I,»")

TAw")

b _ 1 (S, Vi
b, TW) (2 0.3,00) <l

2n \?
s”{"z(-xx—z) nyg, v=1,...,ng,

and

2

r
4(ny + AT

bi(e, ()= 2T (e, w(¢)) < v=0,...,n,,

hold for any ¢ € B(¢°, r). Therefore, we obtain

r

110 =l <oz ehno +5 VEE€ B

By (56) and (57), we have

el <llz— oY+ e <r~diyli<r{1+Em,+2)| vee B n.
o

Taking eventually into account (48), we find f maps the closed ball B(¢%,r)C
int R%*" into itself. Obviously, in virtue of Lemma 7 and formula (61), f is
continuous on B({°, ). That is, by Brouwer’s fixed point theorem (see, e.g. [14]
§2.3), f has a fixed point {* € B(¢°, r), which in accordance with our construction
is also a solution to (62).

Step 5: In the previous step we have seen that the system (62) has a solution
$*={L55.- -, ¢ ) Eint R7"". Thus, via (51) we are given a w, = w({*) €%,
by means of which a McShane-variation u, = u,. € U,, of u, is defined (see (15),
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e fixed); let y, = y(u,) € Hy(0, 1) be the corresponding solution of state equation

(2). Then from (61), (62) we get

ng

T (s ¥4) = T, (o, Yo) + & 20 {LT, W) + T (e, wa),
Py

V= —Mgy...,—1,
ng

Toltas ) = Tolho, yo) + & 2 £1To(W*) +ed,
g—v(u*’y*)zg—p(uO’yO)7 lJ=1""’n0’

and from this, by (53) and (59),

g—v(u*a y*)<g'v(u0, y0)7 v=—m0,...,—1,
To(us, y*)<'70(u0’ Yo) ted, (63)
g—u(u*’y*)=gu(u0)y0)’ V=1"--’n0’

showing that the pair {u,,y,} € L>(0,1) X Hy(0,1) satisfies the integral con-
straints (3). Since, furthermore, because of ed <0, inequality (63) is a contradic-
tion to the optimality of {u,, y,}, thereby Theorem (1) is proved in case of (a)
and (a2) are fulfilled.

Case (b) remains to be considered, that means the case that in (3) equality
conditions do not occur. Since Lemma 11 is still valid (with n, =0), we may in
principle proceed as above. But, instead of having n, + 1 elements w"* € %, (cf.
(50)) we have now only one element w°={u,, ..., U, X, ..,%,Cr-..,C}E
%, satisfying

0 =
Ks<T (W)<kg, v=-mg,...,0,

where ks, kg <0. We define w({)= {u;, ..., u, %y, ..., %, L, ..., L} EE,,
{ER,, (cf. (51)). Then we choose two numbers r>0, d <0 such that d <
To(w°)r, define ¢° = d/T,(w") and take an £>0 so small that

T (e, (LN < —elT, (W) VLE[L"—r, " +r]C(0, ),

vV=—mMgy,...,—1,
&7 To(e, W) <r|ToW")| VL E[L’~71, ¢°+7];

(see Lemma 8, cf. (59), (60)). Arguing analogously as for (62) we can verify that
the nonlinear equation

(ToW°) + 67 To(e, w(E))=d, LE[L°—r (" +1],
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has a solution ¢*>0. We define w, =w({*),u,€U,,, y, EH}(0,1) as before
and come eventually to

Ty, ¥) =T, (g, yo) + g(*.ﬂ;(wo) + T (e,w,), v=—mgy,...,—1,
ToWs> yi) = To(ug, yo) + &d ,

which again implies a contradiction to the optimality of {u,, y,}. Thus, Theorem
1is proved also in the last one (b). |
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